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LETTER TO THE EDITOR 
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extensions 
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CCAST World laboratory), PO Box 8730, Beijing 100080, People's Republic of China 

Received 16 March 1994 

AbstracL High-arder generators of Lie algebras are defined and their basic pmpdes are 
discussed in this IMer. In 'classical' cases, the high-order genera[ors are simply the enveloping 
algebras of Lie algebras, while, in 'quantum' cases, we can define the high-arder eenhal 
extensions of (infinite-dimmioral) Lie algebras and can see tha[ the high-order g e n e "  
are no longer the enveloping algebras of Lie algebras. As an example, we calculate the first- 
high-order mhal extensions of V i o m  algebras and find that the first-order and usualader 
central extensions are closely related to each &er. 

High-order generators of Lie algebras can be thought of as the enveloping algebras of the 
corresponding Lie algebras in the 'classical' case (the commutation relations between the 
generators have no central extensions); this is described in the following section. However, 
the study of high-order generators of Lie algebras proves to be useful, especially if we 
consider high-order central extensions of inftnite-dimensional Lie algebras, such as Kac- 
Moody and Viiasoro algebras. In such cases, the high-order generators of Lie algebras are 
no longer hivial. In 111, the high-order generators of Virasoro algebras were defined. In this 
letter we define the high-order generators of Lie algebras (finite and infinite dimensional) 
generally and calculate the first-order central extensions of Viiasoro algebras as an example. 
We find that the usual-order central extensions and the iirst-order ones are closely related 
to each other. Since the central extensions have wide appiications in physics, we hope that 
the high-order central extensions will also have some applications in physics. 

Let G be a compact Lie group, with unit E, and D(G) be a representation of G. The 
group parameter is denoted by a. The parameter of E is a = 0. The parameter of an 
infinitesimal element of E is denoted by q, j = 1, . . . , N where N is the rank of the Lie 
algebra g. According to Taylor's theorem 

where ai denotes a/aui. 
ia,D(or)l.,o = iajD(0) (where iz = -1) with the well known commutation relations [5] 

The generators 4 of Lie'algebra g are defined  by Ij = 
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where Cjk are the structure constants of g. From (Z), one may ask what the commutation 
relations of [a.a,D(O), a,D(O)] are. In this section we try to answer this question. 

Let R, S and T E G, with the group parameters denoted by r ,  s and f ,  respectively. 
Let RS = T ,  tj = &(r; s) where & are the combinational functions. Introduce 

4 = iajo(o) I j k  = i2ajako(o) 4 k t  = i3aja,ato(o), , . . (3) 

and 

where T is the group parameter of R-I. Since Ij are the generators of the Lie algebra g, we 
call Ijl the second-order generators of g and Ijk[ the thi-order generators of g, etc. The 
values of Sjk(r), d ( r )  and Rhm(r) in (4) at the point r = 0 (denoted by s j k ,  T,; and RA,) 
play the 'structure constant' roles which are similar to that of Cjk. the structure constant of 
Lie algebra g. One can prove that 

(5) s j k  6jk TI lk - - Rlh i - - .  .. 0, 

Furthermore, one can calculate the commutation relations of high-order generators such as 
[ I k ,  Imn], [Ifn,  &,I. The calculation is similar to that of [I,, I,,] but it is more tedious. 
Of course, these commutation relations are 'hivial' if we do not consider their central 
extensions. Some of our results are 
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Furthermore, we have the following conclusion: 

[Zu, Zk. , ,d ]  + (a + b + c + . . . + d cyclic permutation terms) = 0. (IO) 

Note that (9) and (10) are due to the fact that high-order generators are simply the enveloping 
algebras of Zn in classical cases (without central extensions in the commutation relations). 
However, in a quantum theory, (9) and (10) may no longer be correct (see the next section). 

Central extensions of Lie algebras have found many applications in conformal-field 
theory and other theories. Of course, the formulae (6H9) give no more information because 
the high-order generators of g are only the enveloping algebras of 4, the generators of g. In 
this section we will discuss the high-order central extensions of the high-order generators. 
They cannot simply be considered as the enveloping algebras of Zk in thii case. In classical 
theory, without central extensions, the generators Zk of Lie algebra g satisfy (2). namely, 
they satisfy the Poisson bracket relations 

d 

In a quantum theory, following Dirac’s quantization procedure, the corresponding quantum 
commutation relations are 

[ z u ,  I b l  = fi C t b Z d  f 0e2) (12) 
d 

where ?‘I is the Plank constant. We recognize that the unspecified terms of order fr2 are 
the usual cenaal extension terms. For simplicity, these terms can be suppsed to consist 
of c numbers which can be derived by Jacobi identities. For compact semi-simple finite- 
dimensional Lie algebras @), the central extensions are essentially trivial [2]. In order 
to obtain a non-trivial theory, we should consider infinite-dimensional algebras such as 
Kac-Moody and Viawro algebras. 

Now we consider the central extensions of high-order generators of Lie algebra g 
(a finite- 01 infinite-dimensional Lie algebra). In quantum theory, following Dirac’s 
quantization procedure, (6) can be rewritten as 

[ z k ,  Z ~ I  = fi C ( l j z n a m ~ j k  - z j n a k S j m )  + A Z U j Z m a n S j k  - Z j m W j n )  
j j 

+ (A)ix(anamS,k - a&,, t 007 + 003). (13) 
j 

The unspecified terms of order OG3) can be assumed to be c numbers which can be 
derived by Jacobi identities. Moreover, the unspecified terms of order ORz) may not be 
zero (these terms are assumed to be zero in [l]) and can no longer be assumed to be c 
numbers. We call the terms of order 013’) and 0e2) the usual-order and the first-high- 
order central extensions, respectively. One can define the second; thud-. . . . , high-order 
central extensions similarly. It is important to point out that the high-order central extensions 
of a finite Lie algebra are trivial by a suitable transformation and, hence, can also be set 
to be zero. In this section, we will calculate the first-high-order central extensions of the 
V i m  algebra as an example. 
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High-order generators of the V i o r o  algebra were introduced in [l] and can be regarded 
as the enveloping algebras of the Virasoro algebra if the central extensions are zero. The 
high-order generators of Virasoro algebra are defined by [l] 

(14) 
dk Lk = (-)kz'"+k- 
dz' 

which hold the following commutation relations 

~ k = 1.2,. . . m = 0. r t l , f2 , .  . . 

k I 

(15) 
- C(-)PC;E;+X)L~+~ ktl-p 

P=l 

where 

(16) 
n < m  

otherwise. 

m! 
(m - n)!n! c,m = 

The usual-order central extensions of (15), namely the unspecified terms of order O(h3) in 
(13) were also calculated in [l]. For example 

[LA,  
(LA = L,) where c is the consfant number appearing in the commutation relations of 
Virasoro algebra 

(17) 2 c 2  = (2m - n)L,,., - m(m + I)L,+,  - -m(m - 1)(m - z)s,+,,~ 24 

(18) 
C 

[ L m ,  LI = (m - n)Lm+" + - Wm+n.o .  12 

However, according to (13), (17) does not contain the terms of order O(h2). Since O@') 
cannot be c-numbers, they must be the combination of Lm. So, the first-high-order central 
extensions can be regarded as being the modifications of the terms m(m+l)Lmt. appearing 
in (17). The most general form of (17). including the usual-order and first-order central 
extensions, can be written as 

[LA, L , ~ J  = (2m - n)L,,, - m(m + l)Lmt, + 
where RLn and Q(m, n) are c numbers. We make the following ansatz: 

(19) 2 R L , L ~  + ~ ( m ,  n) 
j 

(20) 
C 

= T(m, n)S,,,+n,j T(m. n) = 8,+,,.o-(am2 + bm + c) 12 

and 

(21) 

where a, . . . , c, A, . . . , E are constants. Using (20) and (21). following the Jacobi identities 

[ L I ,  [L,, L ~ I I  + ( I  3 m 3 n cyclic permutation terms) = o 

C 
Q(m, n) = 4,,+,,0-(Am4 + Bm3 + Cm2 + Dm + E )  

12 
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one obtains the following solution 

u = 2 A + 1  b = l - B  c = O  u = l - Z C  E = O  D E R .  (22) 

Written explicitly, (19) is 

[ L i ,  L i l =  (2m - n)Li+,, - m(m + l)L,,,+n + -((4A + 2)mZ + (2 - 2B)m)L,, 
C 

12 
C + -(Am4 + Bm3 - AmZ + Dm)G,+,.o. (23) 12 

Equation (23) shows that the usual-order and first-order central extensions are closely related 
to each other. One may assume that all the central extensions, including the usual-order 
ones, are related to each other. Notice that if we choose A = -C = -4 and B = 1, (23) 
coincides with (17). Also, if we choose A = B = C = 0 then (23) can he written as 

C 
[L!,,, L:] = (2m - n)Li+,  - m(m + l)L,+, + -(mZ + m)L,+". (24) 24 

There are no usual-order ceria extensions in (24). 
In classical theory, we have (9) and (10); however, in quantum theory, (9) and (10) are 

no longer correct. Note that (9) and (10) are only correct because of the fact that in the 
classical theory, the high-order generators are simply the enveloping algebras of Lie algebra 
g. For example, we have the following relations 

(25) 

This suggests that in the quantum theory we cannot simply treat the high-order generators 
as the enveloping algebras of g. Remember that (23) is the result of the Jacobi identity. 
Notice that if we set the first-order central extensions to be equal to zero (then (23) goes 
back to (17)) then the commutation relations in (17) satisfy (9) and (10). Since there are 
three free parameters in (23) and no free parameters in (17) besides c, we see that we have 
to lose the three free parameters in order to make (23) satisfy (9) and (10). 

We have calculated the first-high-order central extensions of Virasoro algebras as an 
example. One can calculate other high-order central extensions between the high-order 
generators of VIrasoro algebras similarily using Jacobi identities. Also, one can consider the 
high-order central extension of Kac-Moody algebras 161. Since we have defined the high- 
order generators of Lie algebras, one can define the high-order generators of Ka-Moody 
algebras. For example, one can define T;b = Z&Z" as the first-high-order generators of Kac- 
Moody algebras and using this definition can calculate the first-high-order central extensions. 
Unfortunately, the calculation is more complicated than that of Viasoro algebras. We 
anticipate that the high-order central extensions will play a role in some branches of physics, 
though the geometric or physical explanation of the high-order central extensions of infinite- 
dimensional algebras is obscure. 

z,,,. = IJ,, + ihans,,,,. 

~ ~ 
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